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WHY ANALOG FILTERS?

Analog Filter Applications

Interfaces: D|g|ta| S|gna| Processor
Low-Noise Amp and/or v Antialias filters
I;/lllt(ejrsl N Analog Signal Processorf High-Performance Filtering
odulators :
Power Amps ” ¥ Smoothing o
Data Converters v"IF and Image Rejection
v Converters (are based on
integrators)
v Instrumentation (PLL’s,

AGC'’s, control loops, etc.)

@Iog World

Digital World



Filter Design Conventional Procedures

» Transform your filter specs into a normalized LPF

> Filter order, zeros, poles and/or values for the passive elements can be
obtained from tables or from a software package like FIESTA

> If you use biguadratic sections, you need poles and zeros matching
»For ladder filters, the networks can be obtained from tables
» Transform the normalized transfer function to your filter by using
» Filter transformation (LP to BP, HP, BR)
»Frequency transformation

» Impedance denormalization

»You obtain the transfer function or your passive network



Filter Approximation Concepts

How do you translate filter specifications into a mathematical
expression which can be synthesized ?
- Approximation Techniques

Why an ideal Brick Wall Filter can not be implemented ?
A

T Amplitude mplitude
VU YU VT Time

Frequeﬁcy




Filter Approximation Concepts

Practical Implementations are given via window specs.

A

Amax

Amin \\
T1 T2

Amin = Ap is the minimum attenuation in the stopband
Amax = As Is the maximum attenuation in the passband

T1-T2 iIs the Transition Width
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APPROXIMATION TYPES OF LOWPASS FILTERS

Definitions

Ripple = 1-Ap
Stopband attenuation =As

Passband (cutoff
frequency) = oc

Stopband frequency = ®s

Ap

As

®wC S

Filter specs

N

Equal-ripple

>

A

N

Maximally flat

>

A

Elliptic




Conventional Filter Approximations

H(jo)
> )
Butterworth
(Maximum Flat)
H(jo)

>
Chebychev
(Equal Ripple Pass Band)
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Elliptic (Equal ripple passband and stopband)

Remarks

* Filter approximation meeting the same specifications yield
Order (Butterworth) > Order (Chebyshev) > Order (Elliptic)

* Phase and group delay also play important roles in many applications
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Summary

e Magnitude Approximations:

-- Butterworth
-- Chebyshev (Direct or Inverse)
-- Elliptic

» The group delay of the different magnitude approximations meeting the
same (magnitude) specifications vary significantly. The most (least)
non-linear phase is associated with the Elliptic (Butterworth)
approximation

* Linear Phase and Constant Group Delay Approximation:
Bessel (Thompson)

» Many Filter Approximations well documented in software programs are
available, among them:
FILSYN, Analog-Artist (Cadence), Math Lab
Fiesta-11 (At TAMU)



Properties of Stable Network Functions

N(s)=—""

A(s) _ 1+bls+b252+..

B(s) 1l+a;s+a 232 +.

H(s)=

S+a
h(t)=e™® t>0

Typically the transfer function
presents the form of a ratio of two
polynomials

For non-negative elements the
coefficients are real and
positive

The poles are located in the left
side of the s-plane

System is stable

BOUNDED OUTPUT FOR
BOUNDED INPUT
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Properties of Network Functions:
Frequency Transformation

H(s) H(s) O Most of the filter

A A approximations are normalized
to 1 rad/sec. Hence, it is
necessary to denormalize the
transfer function.

Using the frequency
transformation

. - p
1
. o P
For inductors and O
. . . L D n
capacitors:  jp(L)= jo| —
Qg M 1 rad/sec 1s translated to
1/Q
_ e a n rad/sec
ip(C)=  jo| —
Q
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Impedance denormalization

Typically the network elements are normalized to 1 Q2. Hence an
impedance denormalization scheme must be used

Z = Q.7
or

R = QR
L = Q,L
C = C/Q,

Note that the transfer function is invariant with the impedance
denormalization (RC and LC products remain constant!!!!)

In general both frequency and impedance denormalizations are
used
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Filter Approximation: Maximally flat

(1-b,02 +b 40" — | jbro(l-b, 02 +b, o -]

(1—3.2(1)2 +a4(1)4 _“')'Fjal()\)(l—az (1)2 +a4 (1)4 _)

N (jo)=K

Maximally flat is characterized by ai=bi for as many coefficients as possible

= An example is the Butterworth function (lowpass) in which most of the
coefficients are zero. In the following expression “n” is the filter order and ¢

Is the passband ripple
Lowpass filter

1 Unity dc gain
gain @ 1 Hz is determined by ¢

N(jo)=——
1+es

1

2 2
1+ <"

N(jo)° =N (jo)xN(jo) =
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Poles of the system: Maximally flat (e=1)

1 1

N (jo)|* = -

l+o®" 1+(-1)

1/2n jkf{
Poles at: S, :[_(_1)—n ] =€

=>Poles are located on the unit circle.

The real and imaginary parts are:

Re(sy, ):—sinkﬂ:

N k=%1,£3,..

Im(s, )=COSch
2N

k=+1,43,..

-
S

W

» Re(s)
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Design Example

For a 1 KHz lowpass filter with: Ripple=0.1, attenuation at 10 kHz>1000

Normalized prototype:mc=1 rad/sec, vs=10 rad/sec
X

NGo)2= L <t 102">10® or nxlog, (10%)=4

1+(0.1)2102" (103

' Im(S)

> » Re(s)

=>N=5

Re(sy, ):—l sinkrc
el 10 k=+1,%£3,%5

Im(s, )—1£coskn]
e\ 10

A3
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Filter Approximation: Equal Ripple

N (joo)= N(jo) 2 =N(jo)xN(jo) =
1+€S 1+g’m?"
In general
. : L * 1
N(jo)=* N(jo) “=N(jo)xN(jo) =~
1+eC," 1+e"Cy

If Chebyshev polynomials are used =
plb L oi0
2

C, :cos(n-cos_1 (w)) =
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Filter Approximation: Equal Ripple

ing , ,—Ino
Cn:COS(n-COS_l(co)) - & e
2 n C,
<>Cn > 1 if ¢ is complex. This is the case if ®>1 0 1
since <|>:cos_1 (o) 1 o
_ 2 2m° -1
and cos(nd)=cosh( jno) ;
. 3 don™ -3m
=cosh(jd),jo=cosh
® (J9).Jo (o) 4 8’ 82 11
20C,1-Chp

then C, =cosh(n-cosh 1 (®))
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Properties of the Chebyshev polynomials

C, :cos(n-cos_1 (0))<1l o<l

Faster response in the stopband In the passband, o<1, Cnis
=FEor n>3 and o>1 limited to £1, then, the ripple is

determined by ¢

Butterworth ~ Chebyshev (i) ) 1
. -1 . N(Jo) =
aan 22 z(23)” 2N 1462, 2
ow
The -3 dB frequency can be found as: e°C n 2 (0 34 )=1 w>1

®_34g =COSh [1cosh = 1) ®>1
n €
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Comparison of Steps for Maximally Flat and Chebyshev Cases

Maximally Flat Step Chebyshev
e 1)/ @mex 0 _ cosh|(L0emin 20 1)/ (10%max 10 _1)["*
| _loglporn 1) om0 —q) o cosh” ) I
2log o, . cosh™ o,
Round up to an integer Round up to an Integer
& = (10 amax /10 _1)1/2 2.Find ¢ ¢= (loamaX/lo —l)‘/
a. If nis odd 3. Find pole locations a. Find g, for Butterworth case
0 : 1 . 41
0, =0°, =Kk 180 , k is an integer o b.Find o = = sinh 1(-)
n n £
N — jo,
b. If nis even, c. Then
180 ° 180 ° , 180 o
ek:i n ' 21 n + 2n _Gk:SIan SinhOC
—> O, -«
Radlus = QO ) C— ja)k
-0, =Q,c08 0,, tw, =Q,sin 6, J_ra)k:cosgk cosh
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The Inverse Chebyshev Approximation

‘Tn(jw)‘z - 1. 2 - 21 2
1+ K(Jo)| k(jorecn@ L+€Ca (o)
: ‘Clw] .2 &C,(lw)
T 2_ & =T, (Jo) = n
” C(Jw)‘ 1+52C§(a)) T ‘ IC(J )‘ 1+52C§( a))
Co(w)=1 , Cs(w) =40’ -3w
Cilo)=w Co(@)=20C,,4(@0)-C, ,(o)
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INVERSE CHEBYSHEV

=101log |1+

amax

o 1 10%min/10 _1
Cn C()—p :100‘max/10 1

COSh nCOShl[l] _|:1005min/10 _1:|%

@y 10%max/10 _1

n— COSh—1 [(1Oamin/10 —1)/(100‘max/10 _1)]]/2
cosh™ (]/wp ) 21




(me,amm,ﬁ%,O%

‘T‘Z _ p(s) p(-s)
q(s)a(-s)
1

p(5)P(-S). 10 =°CE[ -

S=jw

TOLICH N =1+5265(1j
)

Zeros are those values o, where
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Sg =0, + Jw, Pole Location (Chebyshev)

_ 2 2 _ Wk
Mok —\/Uk +o, and Qg T oo
K

P =, + ]B PoleLocation (Inverse Chebyshev)

1 o -jo, o @
_ 4 _ Ok k _ Ok k -
Py = - 2 2 — 2 —J _ak+1ﬂk
Sk Optrwp Wy wg

Magnitude and quality factor

‘pk‘ \/O‘k +/Bk =—— and Q¢ = ‘pk‘ ]/Q)Okz — ok = Qcx

Woi 2 o1 Zo-k/a)Ok 20
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X Py

,,,,, K- X
> vd | | | |
© &5 4 3 2 1

(b)

(a) Pole reciprocation in an inverse Chebyshev filter; since the poles of the
Chebyshev and the inverse Chebyshev filter lie on the same radial line,
they have the same pole Q. (b) Location of poles and zeros of a ninth-
order inverse Chebyshev filter.



Properties of Elliptic Filters

N(jo)?=
1+R,“ (o)
(colz —® )(022—(02)...(00 ,22—(02)
R, (w)= (1 o207 )(1 0)22@2) (1 ”(Dnlzzmz), n even
. w(mz_mz)(wzz mz) ( 22_0)2 N
no
T o0 Ji-e %07 ) f-o a0
Note that Rn(1/®)=1/Rn(w)
0 :)1 \;)2 1 /1\/0)2 Vol
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Properties of Elliptic Filters

1
14R % (o)

N(jo)|° =

In the most general case (s is the frequency at which the stop band begins)

R, (0)=M 7 5 s n even
1- %@ @@ g O @
(DS (DS (DS
(1)2 2 (1)2 2 COZ
| O, _(Di ®, _(Di m(n—l)/Z —0)7
R.(0)=M - - - 7o)’ n odd
1Oy @07 |y Oy
O‘)S O‘)S 0‘)S
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Properties of Elliptic Filters

; HOH(SZ—Qiz)

TR )T D)

4

)

» n/2 peaks in the passband

*» n/2 zeros in the stop band 2 \_N\

+»*In the case of odd-order filters,
“*(n-1)/2 zeros in the stop band

(R )

)

L)

“*Note that Rn(o0) is finite, then N (o) is not zero /\/_:
*»(case A).

«*In other filters, the number of zeros is reduced,
»then N (00)=0 (case B).
27



Filter Approximation: Properties of Linear Phase Filters

 Important in hard-disk applications and phase equalizers
for typical applications, 7th-order LP filters are required

For these filters, the most important parameter is the group delay and PHASE

*In the passband the magnitude can be scaled and the signals
can be delayed but by the same amount of time

Vout (t) = KVin (t o to)

vin —{ Filter ——» Vout

V.. (5) = Vi (s)[Ke 7|
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Filter Approximation: Properties of Linear Phase Filters

H(s)=[Ke‘j"°“°)] 0(s) = oot (linear phase)

For a typical lowpass filter

1 K

N S :K = ’
) 1+a,5+8,5° +.. 1-a,0° +..+ jola, —a,0° +..)

and

(I)((D) = arg(N(J(D)) — tan—l[_ (D(al — a30)2 + ))

1-a,0" +..

29



Filter Approximation: Properties of Linear Phase Filters

x®  x°

0 using the following series expansion tan ‘1()() =X — ? + ? — ..

1_a20)2 + "

arg(N(jo)) =tan™| —

The condition for linear phase is:

3 5
itan‘l(x):i x—2+ 2 _  |=constant
0w 0w 3 5

These are called Bessel polynomials, and the resulting networks are
called the Thomson filters.

30



Filter Approximation: Properties of Linear Phase Filters

= Typically the phase behavior of the filters present some some deviations

Time delay

A

Ideal response

\

to \ The important parameter is the
GROUP DELAY FUNCTION

Actual response

Errors are measured in time

groupdelay = i(<|>)

oW

v

31



DELAY EQUALIZATION

First-Order All-pass Function

S_Gl
S+ 0,

T(s)=K

‘Tl(Ja))‘ =K and ‘91 — ‘9numerator _Hdenomin ator — —21tan _l(

déo 2/0
D,(0)=- 0= 2%

do  1+(@)/ o)
Dl,max — Dl (O) — 2/ 01

01

3
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w/oy
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SECOND-ORDER EQUALIZATION

2 2 2
S*—Sw,/ Q+w S, —S,/Q+1
[1(s) =Ky O/ ; [2(80) = Ko =3 0!

s +sw, Q+w’ s2+s, /Q+1
0,(w,) = —2tan1[w”/cgj
1- ]
Dz(a)n):_dgz(wn):_dez(wn)xda)n _ d Ztan—l a)n/Qz Xi
dw dw, do do, 1- o @,

1| (20)+w?)
@y _(1—@?)2 +(a)n/Q)2_
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102

.02 2=
. 10
10! ._q_'l y
0.3 ;;f N
-y N Z
g l\ -\ 1N‘3 LR
= i 0.3
2 10'-'*%; >4
c - z 5
i 0.1 L—
Wee===== =
Z,
10
o[t R
—

1072

o]

0 02 04 06 08 1 1.2 14 16 1.8
Normalized Frequency

The normalized delay wyD,(w,) of a second-order allpass filter as function o£,Q
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Frequency Transformations

»Lowpass to Highpass

1 H H Hop”
s:>p then Hyp(s)=— 0_ = Hpp(p)= ) ; i n o
3 a;s' Zai(lj >aip’”
i=0 i=0 \P =0
He) t H(p)

\ —

v
e

................. 066 1 1.5 2

v

37



v" Lowpass to Highpass
H Hop"
Hp@®)= & Hp®= "
>.a;s’ >ap"
iI=0 =0

v'N zeros at oo are translated to zero
v'Poles are not the same!!!
v'The main characteristics of the lowpass filter are

maintained

v'for a highpass filter with cutoff frequency at o,

then A

s= @0 o . H(p)
Is transformation scheme
translates w=1 to p=o,
» P
066 1 1.5 2

> plog
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Frequency Transformations

= The Lowpass to Highpass transformation can also be applied to the elements

Element impedance transformed

Resistor R R » The resistors are not affected
inductor sL ol . . . _
p > L is transformed in a capacitor Ceq=1/m,L
capacitor 1 P ] ] ]
sC ®oC » C is transformed in an inductor Leq=1/0,C

Example: Design a 1KHz HP-filter from a LP prototype.

1 1.4142 . Lll2x10*

o— N\ V VN o o=\ I I J 5
S 1 1.12x104% % 1
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Frequency Transformations

»Lowpass to Bandpass transformation

n

H Hop
n 0. = HbIf’(p)ZZn0

> a;s' > bi(p)
i—0 i—0

p2+1
P

S=

then Hy(s) =

* n zeros at =0 and n zeros at o
seven number of poles
*The bandwidth of the BP is equal to the bandwidt of the LP

*In the p-domain

2 2
p=jv=EJ_r (Sj 1 or v="1+ (a)j +1
2 2

vy =-0.5++/1.25 vV, =0.5+-/1.25

— Deem——— \Y;
-1 0 1 -1 0 1

Bandwidth=1
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Frequency Transformations

=>Note that

V2 _Vl =1 and V2 'Vl =1

Ve

-1 1

Lowpass prototype

1
E——g
/\/\

vl V2

Bandpass filter

v
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Frequency Transformations

- BW P

=>General transformation s— 1 (pzﬂﬂoz]

BW \/(BWJZ )
-1 = vi=- 5 + 5 +mg
BW-o [(BW-0)>
= T +(DO 0 = Ol
2 2 )
BW \/(Bwj 2
1 = vy=+ + +mg
2 2
A A BW
R
N AN
o Y/
-1 1 vl oyVv2 ]
Lowpass prototype Bandpass filter
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Frequency Transformations

= The Lowpass to Bandpass transformation can also be applied to the elements

L (Dozl_l M

Element impedance  transformed
Resistor R R
inductor sL P+
BW BW p
. 1
capacitor 5
sC C p+ 0 CE
BW BW p

< Note that for o=,

+¢ for the inductor Zeg=0

L BW

BW

L'(DO2

- |

yAYAVANE

< for the capacitor Yeq=0 (Zeq=c)



Frequency Transformations

* In general, for double-resistance terminated ladder filters

» around o=,

STES R
=00 Rin+RL 1+ﬂ

in

R

» In the passband, the transfer function
can be very well controlled

» Low-sensitivy
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Frequency Transformations

» Lowpass to Bandreject transformation

1 p2 +O)02
BW P

* Lowpass to Highpass transformation (notch at »=0)

S=

*Shifting the frequency to o, and adjusting the bandwidth to BW
. = Bandpass transformation!!!

BW

A

>

v
e

v



Ladder Filters

=The ladder filter realization can be found in tables and/or can be obtained
from FIESTA

=The elements must be transformed according to the frequency and impedance
normalizations 0

-40 —+—

-80

gain (dB)

-120 +—

-160 1 } 1 } 1 } 1 |

4.0E+6 8.0E+6 1.2E+7 1.6E+7 2.0E+7
Frequency (Hz)
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Sensitivity

. X
I Definition S¥ = 8)): Y= transfer function and x = variable or element

Some properties:

S =gY =sY S¥, =Sk =1
1/ n
Sx” =S, =-S Sy =nSY
1 X
sin =ns¥ Sy =s§25X2
n n n Vi
Iyi n Yy 2YiSx
St =)8y Sigt ==
= 2.Yi
For a typical H(s) =1
_Ho - i a-(j(o)i -
H(s)= : : i )
o) ZAUSSTTage)
g Yaj(jo) aj(jo)
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Sensitivity

* Sensitivity is a measure of the change in the performance

of the system due to a change in the nominal value of a
certain element.

Syzég

X Sy XAY o

y OX y AX y X

12

sy

‘ Normalized variations at the output are determined by the
sensitivity function and the normalized variations of the
parameter

Example:

If the senstivity function is 10, then variations of Ax/x=0.01(1%o) produce
Ay/ly=0.1(109%0)

For a good design, the sensitivity functions should be <5.
Effects of the partial positive feedback (negative resistors)?
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Sensitivity
= For a typical amplifier A, _9m
Jdo

Ay _ Ay _ _
ng =1 890 =1

«Sometimes the dc gain is enhanced by using a negative resistor

A = 9m _Om 1 |
Y 00-902 9o 902 For large dc gain g,,=9,

Jo

S
) Avg shvo. O
Im 9 go-Yo2 1_Yo2

The larger the gain improvment the larger the sensitivity!!!!
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 The choice of a particular approximation is application dependent

* Besides the magnitude specifications, there exists also a phase
(group delay) specification. For this the Thompson (Bessel)
approximation is used

 There are a host of Filter approximation software programs, including
Matlab, Filsyn, and Fiesta2 developed at TAMU

Acknowledgment: Thanks to my colleague Dr. Silva-Martinez for
providing some of the material for this presentation
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