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and assume thatBij(q
�1) = 0 for j > 1. The principles of Section

III indicate that such a structure has lowest complexity. These choices
interpret Fig. 5 as a tapped cascade of second-order sections, as
shown in Fig. 11. It is shown in [10] that such a structure is able
to represent an arbitrary strictly proper transfer function of order
2M . A proper transfer function may be realized by including a tap
directly betweenu and y.

To implement theith section, consisting ofFi1 and the subsequent
“tap” transfer functionBi1, in lowest complexity form, we apply the
concepts given in Section 3. In particular, the sensitivities for the
parameters inBi1 will be available in its tapped delay line, while the
sensitivities for the parameters inFi1 can be constructed as discussed
below (10). One must be careful, however, to apply the filtering
operation of1=(1� ai1q

�1
� ai2q

�2) that is used in the sensitivity
generation only to the part of the outputy that is influenced by the
parameters in thei section. This is the reason why the signals from
the taps are summed from right to left in Fig. 11 (as is done for the
outputs ofBij in Fig. 5).

The resulting structure showing both theith section itself and
also its associated sensitivity generations is given in Fig. 12. Note
that the additional delays present inFi1 in (12) do not modify
this construction. Notice also that only two additional multiplies
occur in the sensitivity generation, indicating the lowest complexity
characteristic.

V. CONCLUSION

We have examined in this brief the problem of implementing
adaptive IIR filters with lowest complexity, as measured by the
number of multiplications used to generate the filter output and
additionally the sensitivities with respect to all adapted parameters.
We have shown that for an orderN filter, the minimum number
of such multiplications is3N + 1. We outlined some strategies for
obtaining a lowest complexity implementation, and applied these to
direct-, cascade-, and parallel-form implementations.
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On the Common Mode Rejection Ratio in Low Voltage
Operational Amplifiers with Complementary

N–P Input Pairs

Fan You, Sherif H. K. Embabi, and Edgar Sánchez-Sinencio

Abstract—Low voltage op amps with complementary N–P input differ-
ential pairs are known to suffer from low common mode rejection ratio
due to mismatch errors and the tail current switching between the N
and P input stage. To understand the contribution of the systematic and
the random common mode gains to the overall common mode rejection
ratio (CMRR) we studied three op amp topologies, which use N–P
complementary input differential pairs. A detailed small signal analysis
for each of them has been performed to compare their systematic and
random CMRR. The analysis shows that random CMRR caused by
mismatch does not depend on the topology, while the systematic CMRR
is topology dependent. It is also concluded that the CMRR of low voltage
op amps with N–P complementary input pairs will be ultimately limited
by the process mismatch and that the random CMRR will determine the
overall CMRR.

Index Terms—Common mode rejection ratio (CMRR), low voltage,
operational amplifier.

I. INTRODUCTION

There is a strong demand for lowering the supply voltage of analog
circuits including op amps. To increase the signal to noise ratio of
low voltage op amps, it is highly desirable to have a rail-to-rail input
voltage swing. N–P complementary pairs have been widely used in
the input stage of low voltage op amps to achieve a rail-to-rail input
voltage swing [1]–[8]. An advantage of using N–P complementary
differential pairs is that the op amps can be implemented in a standard
digital process. Fig. 1 shows a typical structure of a low voltage
op amp with N–P differential pairs. Using N–P complementary
input pairs will, however, degrade the common mode rejection ratio
(CMRR). This occurs while the tail current switches between the P
and N pairs. A CMRR as low as 40–55 dB has been reported in [4],
[6], and [7]. This brief presents a rigorous analysis of the CMRR of
low voltage op amps with N–P differential pairs. Three illustrative
topologies have been considered here. In Section II, a derivation of
the CMRR of the three op amp topologies with complementary N–P
pairs is presented. In Section III, we compare the systematic and
random CMRR of the different topologies. The random CMRR is
compared with the systematic CMRR in Section IV, to find which
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Fig. 1. An N–P complementary input stage with common mode cancellation
proposed in [1]—Topology I.

of them determines the overall CMRR for each of the topologies
under consideration. Finally, we verify the results of the analysis
with simulation and study the CMRR as a function of frequency.

II. DERIVATION OF COMMON MODE

GAIN OF THE LOW VOLTAGE OP AMP

The use of N–P complementary input pairs to achieve rail to rail
input swing may result in a variable transconductance of the input
stage—a property which severely affects the optimal compensation of
the op amp. In order to make the overallgm constant, the tail currents
Isn and Isp (in Fig. 1) are generated using a square-root current
source which maintains the sum of the square root of both currents
constant (

p
Isn+ Isp = constant) [1], [4]. If the input devices of the

differential pair operate in the weak inversion region, a current source
which maintains the sum of the two tail currents constant (Isn+Isp =

constant) [5], [6] is used to achieve a constantgm. The tail currents
Isp and Isn are, however, dependent on the common mode input
voltage (Vcm) as illustrated in Fig. 2. Both currents exhibit sharp
changes in magnitude as the tail current switches between the N and
the P pair. Although thegm may be constant, the CMRR is not.
Fig. 2 shows the simulation result of using a constant-gm input stage
with a square-root current source. A drop of at least 35 dB in the
CMRR can be observed. For the N-channel input stage, asVcm is
lowered towardVss, the NMOS which is acting as the current source
is pushed into triode region. This means that the resistance of the
current source decreases and that the common mode gain increases.
If Vcm is further lowered, the N-pair is completely turned off and
it will not contribute to the overall common mode gain. A similar
explanation applies for the P stage, and we will have an increase in
common mode gain when either current source operates in the triode
region.

In the following subsections, we present a detailed analysis of the
small signal differential and common mode gains of three op amp
topologies. All three have N–P complementary differential pairs. The
second stage is different for each topology. The first and the second
topology (Figs. 1 and 5) have been reported in [1]–[3], respectively.
We are proposing a third topology (Fig. 6) which is basically an
improved version of the second topology shown in Fig. 5. For each
circuit, we will derive the systematic CMRR, which is topology
dependent, and the random CMRR, which is a function of the process
mismatching.

Fig. 2. CMRR and tail currentIsn and Isp versusVcm.

Fig. 3. The half of the amplifier of Fig. 1 used for small signal analysis.

A. Topology I

The circuit topology shown in Fig. 1 has a special circuit (M4–M7)
whose function is to cancel the common mode current resulting from
the change of the tail current [1]. For the common mode gain analysis,
we will consider only one input pair as shown in Fig. 3. For the
N–P complementary input amplifiers, the overall small signal gain is
simply the summation of the gains of the two input pairs. The tail
currentIsp in the figure is assumed to be generated by a constant-
gm current biasing circuit. To maintain generality, we use a generic
model for the tail current generatorIsp in the small signal analysis.
Since the value of the tail current is dependent on the common mode
input voltagevcm, we may use a voltage controlled current source
Gmsvcm as its ac model. Note thatGms is a function of the dc
common mode input voltage. The finite output conductance of theIsp
current source is also accounted for through the use ofgos as shown
in Fig. 4. The conductance seen through the source ofM10 andM11

in Fig. 3 has been modeled asgex andgey as shown in Fig. 4. The
conductancegex andgey are fairly low because the resistance of the
loads connected to nodesa andb are very large. It can be shown that
gex and gey are in the order ofgo (1=rds) and notgm as expected
for small load resistance [9].

Note that the following analyses are carried out for the range of
Vcm where the tail currents (Isp andIsn) are switching. It is in this
current transition range where the CMRR becomes minimum.

In the CMRR analysis the input voltagesvi1 and vi2 are usually
expressed as functions of the differential and common mode inputs:

vi1 = vcm � 1

2
vdm (1a)

vi2 = vcm +
1

2
vdm: (1b)
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Fig. 4. Low frequency small signal model of the circuit shown in Fig. 3.

To simplify the analytical computation, the small signal model of the
amplifier shown in Fig. 4 is used to derive the nodal equations at
nodesx and y. If the node voltagesvx and vy could be expressed
in terms of the common mode gain (Acm) and the differential mode
gain (Adm) as follows:

vx = Admvdm + Acmvcm (2)

the CMRR can then be obtained by calculating (Adm=Acm). Note
that such a simplification in the small signal model will not affect
the accuracy of the CMRR analysis since the CMRR at output nodes
a or b is the same as the CMRR at nodesx or y. This is due to
the fact that both differential and common mode voltage signals at
nodesx (or y) will be amplified by the gain of the common gate
configuration ofM10 (or M11).

For the circuit topology in Fig. 1, the matching of the differential
pairs and that of the current mirrors are crucial for the performance
of the amplifier. As an example to demonstrate how mismatching
affects the common mode gain, we only consider the mismatching
betweenM1x (or M1y) andM2. Hence, we can make the following
assumptions

gm2 =2(1 + �)gm1x

go2 =2go1x

gm1x = gm1y

go1x = go1y

gm6 = gm7

= 1

2
gm5

gex = gey

go8 = go9:

The mismatching in the output conductance ofM1x (orM1y) andM2

is ignored because of its little significance on the analysis result. The
factor � may account for mismatching in the sizing,VT ; Kp, etc.
Based on (1), (2) and the assumptions above, the differential gain
(Adm) and common mode gain (Acm) can be solved for by using
MAPLE [10]. By ignoring the second order terms in the numerator
and denominator the following expressions forAdm andAcm can
be obtained:

Adm �

gm2

2(gex + go1x + go8)
(3)

Acm =Acms + Acmr (4)

where

Acms �

(go2 + go3)Gms

4gm4 (gex + go1x + go8)
(5a)

and

Acmr �

�Gms

4(gex + go1x + go8)
: (5b)

The first term of (4) will be referred to as Systematic Common Mode
Gain (Acms), since it is independent of the mismatching. The second
term is a function of the mismatching and, hence, will be called
the Random Common Mode Gain (Acmr). Now we can express
the CMRR in terms of the systematic and random common mode
rejection ratios which are given by

CMRRs �
2gm2 gm4

Gms (go2 + go3)
(6)

CMRRr �
2gm2

�Gms

: (7)

The overall CMRR is given by

CMRR=
1

1

CMRRr
+

1

CMRRs
:

(8)

B. Topology II

To reduce the systematic common mode gain of Topology I, one
can use the circuit topology in [2] and [3] which is illustrated in
Fig. 5. This will be discussed in Section III. Following the same
procedure used to analyze the circuit in Fig. 1, we obtained the
following systematic and random CMRR’s:

CMRRs �
2gm2 gm4 gm6

Gms go6 (go2 + go4)
(9)

CMRRr �
2gm2

�Gms

: (10)

C. Topology III

The systematic CMRR of the second topology can be further
improved by introducing an extra gain stageAb, which for example
can be implemented using a simple noninverting amplifier, with
Miller compensation, as shown in Fig. 6. Care should be taken to
insure that this added stage will not degrade the high frequency
performance of the amplifier. It can be proven that the CMRR
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Fig. 5. An op amp with N–P complementary differential pairs [2], [3]—
Topology II.

Fig. 6. A low voltage amplifier with systematic CMRR enhancement—
Topology III.

improves byAb as shown by the following equation:

CMRRs � Ab

2gm2 gm4 gm6

Gms go6 (go2 + go4)
: (11)

The random CMRR, however, remains unchanged and is given by

CMRRr �
2gm2

�Gms

: (12)

III. COMPARISON OF THECMRR OF THE THREE TOPOLOGIES

Although each of the topologies has a scheme for systematic com-
mon mode current cancellation, yet, the accuracy of the cancellation
varies. In the first topology (Fig. 3), the common mode currentI1x
is supposed to be cancelled out throughI2x which is half of the
common mode currentI2. This is only true if all ofI2 is injected
into M4. Due to the finite conductance (go3) of M3, I2x will be
slightly less thanI2=2. Thus the cancellation is not exact even if the
mirror transistorsM5 andM6 are perfectly matched. In the case of
the second topology (Fig. 5), if we assume perfect matching between
M3 andM4, it can be easily seen that the common mode currentI2
will be exactly cancelled by the mirror ofI1. A similar explanation
can be given for Topology III. It is, hence, expected that the common
mode cancellation of Topologies II and III is more accurate than that
of Topology I. This implies that the systematic CMRR of II and III
will be superior to that of I which is confirmed by the analytical
expressions derived in Section II and summarized in Table I.

The similarity of CMRRr of the three different topologies can be
explained by using a more general amplifier model which is illustrated
in Fig. 7. In the figure, the block “I2�I1” is an abstract model for the
cancellation of the common mode current due toGms. A common
mode input (vcm) will generate a tail currentIsp = Gmsvcm.

Fig. 7. A general amplifier model with tail current variation and common
mode cancellation.

Assuming that there is mismatch (�) in the input differential pair
[i.e., gm2 = gm1(1 + �)], the current in the two input transistors
could be expressed asI1 = Gmsvcm=2 andI2 = Gmsvcm(1+ �)=2.
The difference between the currents of the two input transistors due
to Gmsvcm can be written as:�Icm = �Gmsvcm=2. A differential
input vdm will otherwise generate the following current difference:
�Idm = gmvdm, wheregm is the transconductance of the input pair.
Since the differential and common mode output voltages are given by
�IdmRout and�IcmRout, respectively, we can derive the following
generic expression for the random CMRR:

CMRRr =
Adm

Acm

=
2gm

�Gms

which is the same as (7), (10), and (12). This simple analysis confirms
that the CMRRr is topologies independent.

IV. COMPARISON BETWEEN SYSTEMATIC

CMRR AND RANDOM CMRR

It is interesting to note that both the systematic and the ran-
dom common mode rejection ratios are reciprocally proportional to
the common mode transconductance (Gms). To compare between
CMRRs and CMRRr, we first need to compare the magnitude of
Gms with that of go’s and gm’s. Gms is the rate of change ofIsp
(or Isn) whenIsp andIsn are switching. The expression ofGms is
Imax=(Vdd � Vss)�, whereImax is the maximum value ofIsp (or
Isn) and� is typically 0.5 or less (see Fig. 2). The typical value of
go is in the order of�Imax . Hence

Gms

go
�

1

��(Vdd � Vss)
:

For� = 0:01 andVdd = �Vss = 1:5 V and� = 0:5; Gms=go � 67.
Gms andgm are of comparable magnitudes. So, we may assume that

go < Gms � gm: (13)

Let us first ignore the mismatching. The minimum common mode
rejection is determined by the systematic common mode gain. Using
the inequality (13) we can determine the order of the CMRRs

for all three topologies as shown in Table I. For Topology I, the
CMRRs is in the order ofg2m=Gmsgo (25–35 dB), the CMRRs of
the second topology is in the order ofg3m=Gmsg

2

o (50–70 dB). The
third topology may have a CMRRs of the order of 70–95 dB. For
a typical mismatching factor (�) less than 1% [11], the CMRRr is
close to 40–60 dB.

For all three topologies, we now compare the CMRRs with
CMRRr to evaluate which of the two components limit the improve-
ment of CMRR. The ratios of CMRRs/CMRRr for all topologies is
summarized in Table I. For the first topology (Fig. 1), the ratio is less
than unity, which implies that the overall CMRR will be determined
by the low systematic CMRR. In the case of the second topology,
the CMRRs approaches the CMRRr. As for the third topology, the
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TABLE I
COMPARISON OF RANDOM AND SYSTEMATIC CMRR

CMRR / Topology I II III

CMRRs

2gm2gm4

Gms(go2 + go3)

O
g2m

Gmsgo
� 25–35 dB

2gm2gm4gm6

Gmsgo6(go2 + go4)

O
g3m

Gmsg
2
o

� 50–75 dB

2Abgm2gm4gm6

Gmsgo6(go2 + go4)

O
Abg

3

m

Gmsg
2
o

� 70–95 dB

CMRRr

2gm2

�Gms

O
2

�
� 40–60 dB

2gm2

�Gms

O
2

�
� 40–60 dB

2gm2

�Gms

O
2

�
� 40–60 dB

CMRRs

CMRRr

�gm2

(go2 + go3)
< 1

�gm4gm6

go6(go2 + go4)
� 1

Ab�gm4gm6

go6(go2 + go4)
> 1

Fig. 8. CMRR versus frequency with and without mismatching.

systematic CMRR exceeds the random CMRR, hence, the overall
CMRR will be determined by the CMRRr.

V. SIMULATION RESULTS

To verify the results of the above analysis, the CMRR of all
the three topologies has been simulated using HSPICE. The three
amplifiers were designed to have the same gain bandwidth product
of 3 MHz with 10 pF of capacitive load and the same low frequency
differential gain. First the systematic CMRR was simulated assuming
no mismatches. The result of the simulations are depicted in Fig. 8.
Note that the curves denoted as CMRRs (I), CMRRs (II), and CMRRs
(III) represent the systematic CMRR for Topologies I, II, and III,
respectively. From these three curves we can make the following
observations. First, the low frequency CMRRs of Topology I is the
lowest with 32 dB, the CMRRs of Topology II is 70 dB, and that
of Topology III is the largest with 84 dB. These numbers agree
with the theoretical analysis (see Table I). The second observation
is that the systematic CMRR of Topologies II and III drops beyond
10 kHz, but is still greater than that of Topology I even at 3 MHz.
The advantage of II and III over I in terms of CMRRs, however,
gradually diminishes as the frequency increase. To study the effect
of mismatching, the simulation was performed with 2% mismatch in
the input pair. The simulated total CMRR, which includes systematic
and random CMRR, is also shown in Fig. 8 as CMRR(I), CMRR (II)

and CMRR (III). It is interesting to note that Topologies II and III
have similar CMRR which is smaller than their systematic CMRR.
This confirms that the CMRR of these two topologies will be limited
by the random CMRR which is equal for all three topologies. As for
the first amplifier, the CMRRs is smaller than CMRRr and therefore
the total CMRR is slightly smaller than CMRRs.

The above theoretical analysis and simulation all confirm that the
systematic CMRR can be improved through topology modification.
By doing that, the random common mode gain becomes the ultimate
factor to determine the overall CMRR. The effect of mismatching on
the simulated CMRR for the circuits in Figs. 5 and 6 is illustrated in
Fig. 9. It is observed that the CMRR of the circuit in Fig. 6 is much
greater than that in Fig. 5, when the mismatching is small (below
0.1%). However, this is hardly realizable in practical amplifiers. The
topology with the systematic CMRR enhancement is useful only if
the transistor matching is very good. It is also observed from the
figure that both circuits have similar CMRR when the matching is
poor since the typical mismatching factor (�) is in the order of 0.1%
or more. It is expected that mismatching will be the dominant factor
in determining the CMRR.

VI. CONCLUSION

In this brief, the CMRR degradation problem in low voltage op
amps with N–P complementary pairs is discussed. A small signal
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Fig. 9. Effect of mismatching on the CMRR.

analysis revealed that the increase of both systematic and mismatch-
ing common mode gain in the low voltage op amp is due to the change
of the tail current of the N–P complementary pairs. The systematic
CMRR degradation can be improved by using suitable topologies.
However the common mode gain due to mismatching remains to be
a dominant factor which limits the CMRR improvement.
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